The design of an open marine propulsor is a complex process, involving structural and hydrodynamic considerations (1, 2) . For the hydrodynamic considerations during most of the preliminary design process, approximate models of the lifting surfaces are employed, e.g., the lifting-line model (3, 4) for powering considerations, and two-dimensional flow over equivalent blade sections for cavitation performance. More sophisticated models of the lifting surfaces are used for predicting fluctuating loads (5) and some cavitation predictions (6) . These approximate models have been acceptable during the preliminary design process and provide a basis for choice of the maximum diameter, advance coefficient and radial variations of chord, skew-angle, rake, thickness, and circulation distribution. The chordwise variation in load has usually been selected during this preliminary stage and is often based on cavitation and propulsion considerations.
For the final stage of the design, the meanline distribution and radial pitch variation are determined corresponding to the selections for load and geometry already available. To derive a geometry which accurately produces the specified load distributions, a lifting-surface model of the blades is required.
Several procedures already exist for performing lifting-surface calculations for wide-bladed open marine propulsors. In particular, two different approaches to the analysis for blades with arbitrary locations in space have been presented by Kerwin (7) and McMahon (8 A particular thickness function has hardly any effect on pitch or meanline but a significant effect on pressure distribution.
MATHEMATICAL MODEL -THICK LIFTING BLADE
The mathematical model of a system of rotating lifting surfaces advancing in an unbounded irrotational flow field with an inviscid fluid has been developed on a formal mathematical basis by Brockett (9) . A reformulation of that analysis in terms of non-dimensional surface coordinates is presented herein for completeness. The propulsor is assumed to be adequately represented by the blades alone, i.e., neither the hub nor fillet from the blades to the hub is included in the blade specification. The onset flow is assumed to be directed along the axis of rotation but a new feature included herein is that it may have a small radial component. Overall geometry notation generally follows the definitions given in Reference 10. Coordinate systems are constructed with the same orientation as in Reference 9, and in particular, the helical coordinate system (£j , £2. f ) rotating with the blades is shown in Figure 1 . Unit base vectors in a right-handed Cartesian reference frame are the customary ( i, j, k) where i is along the x axis and is positive pointing aft, j^i s along the y axis and k is along the z axis which is generally along the reference blade. Unit vectors along the helical coordinates are The position vector of a point on the blade surface described by Equation (5) 
and a normal, directed out from the blade surface, is (9, 1 1)
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where the plus sign is used for the suction side of the blade and the negative sign for the pressure side of the blade.
After some effort it can be shown that The normal to the blade reference surface,^= 0, < x < K h < X R x,, < x R < 1 is In the derivation of the expressions for numerical analysis, the reference surface (E = 0) is often employed. Generally no specific mention will be made of differences between variables on the blade surface and on the reference surface.
In a coordinate system rotating with the blades, the fluid velocity may be taken to be the sum of the undisturbed velocity and a component due to the disturbance of the blades: = V/(nD) (15) The boundary condition on the blade is that there be no flow through the surface:
This condition applies to both the upper and lower surfaces:
The sum of Equations ( 17) and (18) is:
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thus to first order in w R or E:
1 As described in Reference 9, the inclusion of a radially variable inflow introduces vorticity into the mathematical model. No specific consideration is undertaken to account for this vorticity.
The difference of Equations ( 1 7) and ( 1 8) gives:
This is the fundamental equation to be evaluated to determine the pitch and meanline shape. The slope of the meanline is given as a function of known geometry and inflow quantities plus the normal component of the average induced velocity on the blade surface. Hence to determine the meanline slope, the mean perturbation velocity must be determined on the blade surface.
The velocity component due to the disturbance of the blades, v, can be shown to be potential in nature (9) . Hence, it can be represented by an equation ( 
lr -s h |- (23) where n is a unit normal pointing into the fluid from a point s^on the surface S (including both the blades and shed vortex sheet), and do. is the area element.
In several texts (11, 1 2), it is shown that n do s = N dx c dx R (24) In Equation (23), it is convenient to let the region of integration be the blade reference surface £ 2 = 0,
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Hence, Equation (23) can be reduced to an integral over only one side of the blade surfaces and shed vortex sheets:
where the symbol X means symmetry restrictions occur for the limiting region which excludes the singularity. For example (9) , the region may be square, circular, or rectangular centered at r <) .
In the present application, the rectangular region x r -e < x r < x,. + e, x h < x" < 1 will be the the surface of the blade, Equation (23) The first term in Equation (27), the strength of the sources, is known from Equation (20) . The strength of the vortex component:
has yet to be determined both on the blades and along the shed vortex sheet. To find a value for this term, it is appropriate to look at the condition that the blade section develop a force at a given radial station
To first order the local lift is
Bernoulli's equation can be constructed for a coordinate system rotating with the blade (9) and the pressure difference determined by •fc^M and from Equation (20): n;x<v> n;
• xv In general, the trailing edge point will not be zero. 
Hence from Equation (40):
and meanline ordinates measured from the nose-tail line can be determined: 
These values of corrected pitch and meanline shapes relative to the nose-tail line are the essential data produced by the lifting-surface analysis.
In addition to the meanline and pitch distributions, several other quantities of interest can be computed. These are pressure distribution, total forces, and streamline coordinates (this coordinate system is described in the Appendix).
From Reference 9, the pressure coefficient is P-Poo Thus, the strength of the vortex distribution is explicitly known and the integration to determine the average induced velocity at points on the blade surface can be undertaken.
Once the induced velocity field on the blade is computed, the meanline slope can be determined and the meanline offset can be found by integrating the slope:
From Equation (22) , the meanline offset for the term with the radial inflow velocity component can be directly computed; it consists of an angle of attack term due to gradient of the rake and skew terms and a parabolic arc meanline due to gradients of the pitch. which is independent of rake, skew, or pitch variations (to first order).
Once the pressure distribution on the blade surface is known, the thrust and torque in inviscid flow may be calculated (9) . In terms of a thrust and power coefficient 
Hence the thrust will be reduced and the torque increased relative to the inviscid values, as expected.
In the Appendix, the formulation for a streamline coordinate system on the blade surface is given. The approximate distance from the reference point is This known value at the singular point allows a straightforward analysis procedure to be undertaken using the procedures previously described. 
NUMERICAL ANALYSIS PROCEDURE
A computer code has been developed for a subroutine to compute the approximate value of W: Each selected load distribution must be integrated across the chord and scaled to produce a unit value for the integral. - ( perhaps some improvement in performance may be expected using the present method.
Predictions of the pitch and camber by the two procedures developed for computing the induced velocity field on the blade surface which contains the field point, "direct" and "approximate-plus-difference." are shown in Table I to be nearly the same. However, it has been found that overall, the "approximate-plus-difference" procedure is preferable when dense chordwise spacing is chosen (e.g., Figure 4 , the computed pitch and camber ratios are shown for these various overall geometries with all other input the same as in Table II . In Figure 5 , the effects of the chordwise load distribution and chordwise thickness function on pitch and camber are shown. The effect of rake and skew on pitch and camber follows known trends (7, 24) . The effect of thickness distribution on pitch and camber is negligible and the effect of elliptic loading is to reduce the pitch and increase the camber, as would be the case in two dimensional flow at the ideal angle for a given lift coefficient. In Figure 6 , the pitch and camber change is shown for another modification of the waiped blade. Since a large change occurs in the pitch from the input specification (Table II) to the computed values (Figure 4) , computations were performed with the singularities distributed on the blade reference surface at a pitch taken from Figure 4 . This change in pitch places the singularities nearer the final blade surface. To have uniformity in the calculations, the pitch angle of the shed vortex sheet was taken as (3, the advance angle of the shed vortex sheet. (In Figure 4 , the shed vortex sheet was taken to be at the input pitch, which is /3j, the pitch angle derived from the solution of a straight Figure 4 produces a significant reduction in computed pitch and a compensating increase in camber near the root, with negligible change in either pitch or camber from about xr = 0.5 to the tip. Hence the orientation of the free vortex sheet and blade reference surface have significant effects on the pitch and camber values only near the hub. In Figure 7 , blade pressure-coefficient distributions on the warped, skewed and unskewed blades are shown for three radii: one near the hub, one near mid-span and one near the tip. The major difference in pressure distributions occurs near the hub, where the warped blades have greater suction on both sides of the blade, and hence a greater tendency to cavitate when the local pressure reaches the vapor pressure.
In Figure 8 , the meanline shapes for these blades at the same three radii are shown. The greatest changes in meanline shape occur at the root but are significant all along the radius.
In Figure 9 , the non-linear pressure distribution (from Equations (66) and (68) 
Thus the e term, due to gradients of the rake and skew of the blaJe, results in an angle-of-attack change, and the 6 
